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Abstract. The aim of this work was to study critical phenomena taking place in 1D Ising model with different
exchange interactions signs and arbitrary spin values in a magnetic field. Exact analytical formulas for frustra-
tion fields, zero temperature magnetization and entropy at these fields are obtained. The general behavior of
pair spin correlation function with the accounting of only interactions between nearest neighbors is examined.
1 Introduction
Due to recent developments in synthesizing low-
dimensional systems there is now a great interest devoted
to unique properties of these materials [1, 2]. Moreover
as was shown previously such real systems as lanthanide
and actinide monopnictides and monochalcogenides can
adequately be described in terms of low-dimensional Ising
and Potts models [3–5]. The magnetic and thermodynamic
properties of «classical» Ising and Potts models on differ-
ent lattices were thoroughly investigated in the literature,
see, for example, [6–10]. But there is a lack of works
in which the accounting of different spin values s is ex-
amined. The aim of this work was to study critical phe-
nomena taking place in the Ising model on a linear chain
with arbitrary spin values s. The Hamiltonian of the sys-
tem with the accounting of nearest-neighbors J1 and next-
nearest-neighbors interactions J2 in a magnetic field H has
a standard form:
H = −J1
�
i
S iS i+1 − J2
�
i
S iS i+2 − H
�
i
S i, (1)
where S in general takes 2s + 1 values
−s, −s + 1 . . . s − 1, s.
The investigations were performed by the method of
Kramers-Wannier transfer-matrix [11], in which one has
to construct transfer-matrix and obtain a maximum eigen
value of this matrix. All parameters such as free energy,
magnetization and entropy can only be expressed in terms
of the maximum eigen value of the corresponding transfer-
matrix.
In the first chapter of the article we discuss magnetiza-
tion and entropy peculiarities of the 1D Ising model with
arbitrary spin; in the second chapter the behavior of pair
spin correlation function in the cases s = 1/2 and s = 1 is
examined and generalizations for the arbitrary spin values
are made.
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2 Magnetization and entropy
2.1 Nearest-neighbors in a magnetic field
It is known that the one-dimensional antiferromagnetic
(J < 0 in Eq. (1)) Ising model with the only accounting of
nearest-neighbors interaction possesses frustrations at cer-
tain critical magnetic fields at which at low temperatures
the dramatic change of the ground state takes place [4]
Hfr = −2sJ. (2)
We were able to derive analytical expressions for mag-
netization and entropy at these frustration fields as func-
tions of s at T → 0:
Mfr =
�
2s − 1
4
�
+
�
2s + 1
4
�
1√
1 + 8s
, (3)
S fr = ln
1 +
√
1 + 8s
2
. (4)
Figure 1 demonstrates the example of magnetization
and entropy behavior in the one-dimensional antiferro-
magnetic Ising model with s = 3/2. It is clearly visi-
ble that the magnetization at low temperatures at H = 3
has a jump from M = 0 to M = 3/2, magnetization
at this field at T → 0 tends to the value 1/2 + 1/
√
13
and the zero-temperature entropy tends to non-zero value
ln
�
(1 +
√
13)/2
�
in all accordance with the equations (2)–
(4). A small change in the magnetic field results in the
zero entropy at T → 0. Asymptotic value of the entropy
at infinite temperature is equal to the natural logarithm of
the number of possible states, in the case s = 3/2 it would
be S∞ = ln 4.
2.2 Next-nearest neighbors in the absence of
magnetic field
The accounting of the next-nearest-neighbors with anti-
ferromagnetic exchange leads to the two different ground
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Figure 1. Magnetization as a function of magnetic field (a) and temperature (b); entropy as a function of temperature (c) in 1D
antiferromagnetic Ising model with s = 3/2.
states at T → 0 depending upon the ratio of R = J2/J1.
In this case frustrations appear at |R| = 0.5 for both cases
J1 < 0, J2 < 0 and J1 > 0, J2 < 0 called competing inter-
actions [12]. It was found that at the frustration point the
entropy for both competing interactions at T → 0 has the
same value:
S fr = ln
�
1
3
�
1 +
�
27s − 8 + 3
√
3
√
27s2 − 16s
�
+�
27s − 8 − 3
√
3
√
27s2 − 16s
���
. (5)
It is interesting to note that the entropy at s = 1/2 co-
incides with the entropy derived for the model with the
nearest-neighbor-interactions only (suppose s = 1/2 in
Eq. (4)) and is equal to natural logarithm of famous golden
ratio.
2.3 Next-nearest neighbors in a magnetic field
General behavior of this model in the «classical» case is
represented in [12]. Here we write generalized equations
for the case of arbitrary spin. The case when both ex-
change interaction values are negative (antiferromagnetic)
is assumed. The results for the other case will be published
elsewhere.
For both antiferromagnetic interactions there exist two
different frustration fields depending upon the ratio R:
H1 =
−2sJ1 + 4sJ2, 0 < R ≤ 0.5;sJ1 − 2sJ2, R ≥ 0.5.
H2 = −2sJ1 − 2sJ2. (6)
In Figure 2 the calculated magnetizations for s = 3/2
at T = 0.05 for five cases of parameter R are shown. The
jumps of magnetizations at critical fields determined by
the Eq. (6) are clearly pronounced.
Exact analytical expressions for magnetization and en-
tropy at T → 0 at frustration fields as functions of s are
listed in [4].
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Figure 2. Magnetization of the one-dimensional Ising model
with nearest-neighbor and next-nearest-neighbor antiferromag-
netic interactions with s = 3/2 at T = 0.05 for five different val-
ues of parameter R = J2/J1
3 Correlation function
3.1 Correlation function in the absence of
magnetic field
This chapter is devoted to the behavior of the Fourier-
transform of the pair spin correlation function in the one-
dimensional Ising model with the accounting of interac-
tions between nearest-neighbors in the case s = 1. Gener-
alizations for the arbitrary spin values s are made at the end
of the chapter. The results for the correlation function of
the Ising model with allowance of next-nearest-neighbor
interactions are to be published.
In the absence of external magnetic field the expres-
sion for Fourier-transform of pair spin correlation function
with s = 1 has the form
K (q) = cos2
1
2
arccot
2 cosh JT − 1
2
√
2

 1 − η2
1 − 2η cos q + η2 ,
(7)
2
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Figure 3. The dependence of the correlation function upon wave-vector q for the ferromagnetic (J > 0) (a) and antiferromagnetic
(J < 0) interactions (b) in the one-dimensional Ising model with s = 1 at zero magnetic field.
where q— wave vector, η = λ2/λ1:
λ1 = cosh
J
T
+
1
2
+
√(
cosh
J
T
− 1
2
)2
+ 2, (8)
λ2 = 2 sinh
J
T
. (9)
In the ferromagnetic case (Fig. 3a) correlation func-
tion has peaks exactly at the positions of Bragg reflections
qn = 2πn, n ∈ Z and at T → 0 takes the delta-function
form what means that the phase-transition takes place (1D
systems undergo a phase-transition at zero-temperature).
Figure 3b demonstrates the calculation of correlation
function in the antiferromagnetic case. It is clearly visible
that the peaks are located exactly in the middle of Bragg
reflections qn = π (2n + 1) , n ∈ Z because the ground state
in this case (+ − +−) has doubled translation period com-
pared to the lattice. At T → 0 correlation function again
takes the form of delta-function.
3.2 Correlation function in a magnetic field
The expression for the correlation function for the Ising
model with s = 1 in an external magnetic field consists of
three terms
K (q) = M2L(q) + XD1(q) + YD2(q), (10)
where M — magnetization, L(q) — Laue function,
D(q) — diffuse scattering function. Let us suppose
k = J/T and h = H/T , that
M = cos2 β cos2 γ−
(cosα sin β cos γ + sinα sin γ)2 , (11)
tanα = ek+h/2
λ3 − 2e−h sinh k
1 − ek − λ3
, (12)
tan β = −eh λ3 − 2e
−h sinh k
λ3 − 2eh sinh k
cosα, (13)
cos2 γ =
1
λ1 − λ2
(
ek+h − λ2 + tan2 β
(
ek+h − λ3
))
. (14)
The eigenvalues λ (λ1 > λ2 > λ3 ) may easily be found
from the equation
λ3 −
(
1 + 2ek cosh h
)
λ2 −
(
2 cosh h
(
1 − ek
)
−
2 sinh 2k) λ + 4 sinh k − 2 sinh 2k = 0, (15)
Laue function L(q) defines positions of Bragg reflec-
tions while functions D(q) define diffuse scattering.
L(q) =
1
N
sin2 (qN/2)
sin2 (q/2)
,
D1(q) =
1 − η2
2
1 − 2η2 cos q + η22
, (16)
D2(q) =
1 − η2
3
1 − 2η3 cos q + η23
,
where η2 = λ2/λ1 and η3 = λ3/λ1.
Y = cos2 β
[(
1 + cos2 α
)
sin β cos γ +
1
2
sin 2α sin γ
]
(17)
and all coefficients in (10) are connected as follows:
X + Y + M2 = �S 2�, (18)
where �S 2� is the mean squared value of the spin:
�S 2� = cos2 β cos2 γ+
(cosα sin β cos γ + sinα sin γ)2 . (19)
It is interesting to compare Eq. (11) and Eq. (19).
Laue function defines Bragg scattering, does not de-
pend upon exchange interaction sign and is characterized
by lattice parameters. Ferromagnetic system does not pos-
sess frustrations and D(q) = XD1(q) + YD2(q) in this case
is equal to zero at low temperatures. Thus hereinafter we
will focus on a behavior of the diffuse scattering part of
the correlation function (10) in the antiferromagnetic case.
3
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Figure 4. Diffuse scattering in the one-dimensional antiferro-
magnetic Ising model with s = 1 at T = 0.5 at three values of
magnetic field H.
Figure 4 illustrates the dependence of the diffuse scat-
tering function D(q) upon wave vector q in the one-
dimensional antiferromagnetic Ising model with s = 1 at
T = 0.5 for three different values of magnetic field H. It is
clearly pronounced that above the frustration field (H > 2)
diffuse scattering vanishes (both coefficients X and Y in
D(q) are equal to zero). Below the frustration field (H < 2)
the function tends to take the delta-function form that says
about the phase transition. Exactly at the frustration field
(H = 2) the function has a broad maximum and does not
tend to take the delta-function form at T → 0. This un-
usual behavior of the correlation function is the clear evi-
dence that there is no long-range order in the system even
at zero temperature. Similar results for the diffuse scatter-
ing function were obtained in three- and four-state Potts
models [13, 14] and for «classical» Ising model [15]. In
the case s = 1/2 the analytical expression for the diffuse
scattering function has a simple form:
D(q) =
�
1
4
− M2
�
1 − η2
1 − 2η cos q + η2 , (20)
where again η = λ2/λ1,
λ1,2 = e
J
4T
cosh H2T ±
�
sinh2
H
2T
+ e−
J
T
 , (21)
M =
sinh H
2T
2
�
sinh2 H
2T
+ e−
J
T
. (22)
Since in the case s = 1/2 the asymptotic value of
magnetization is equal to 1/2 it is clearly visible from the
Eq. (20) that D(q)→ 0 at M → 1/2. The only general dif-
ference in the diffuse scattering function behavior between
the cases s = 1/2 Eq. (20) and s = 1 Eq. (10) consists in
the different values of frustration field (Eq. (2)). Generally
the behavior of the correlation function described above
is similar in the one-dimensional antiferromagnetic Ising
model for any value of s.
It is evident that frustrated states have peculiar prop-
erties. Magnetization at frustration fields at low tempera-
tures has jumps, entropy tends to nonzero values and dif-
fuse scattering function has a broad maximum and does
not take the form of delta-function.
4 Summary
In this article the main results obtained for the one-
dimensional Ising model are presented. Exact analytical
formulas for frustration fields, zero temperature magneti-
zation and entropy at these fields are obtained. The general
behavior of pair spin correlation function with the account-
ing of interactions between nearest neighbors is examined.
It is shown that in the antiferromagnetic Ising model a dif-
fuse scattering function at T → 0 does not take the delta-
function form that is a clear evidence of the absence of the
long-range order in the system.
The reported study was carried out within the state
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